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Abstract
A new family of conserved currents for vacuum space-times with a Killing vector is pre-
sented. The currents are constructed from the superenergy tensor of the Mars-Simon tensor
and using the positivity properties of the former we find that the conserved charges associ-
ated to the currents have natural positivity properties in certain cases. Given the role played
by the Mars-Simon tensor in local and semi-local characterisations of the Kerr solution, the
currents presented in this work are useful to construct non-negative scalar quantities char-
acterising Kerr initial data (known in the literature as non-Kerrness) which in addition are
conserved charges.
PACS: 04.20.Jb, 11.40.-q, 04.20.-q
MSC: 83C15, 83C05, 58A25
1 Introduction
The knowledge about conserved currents in mathematics and physics has paramount relevance
in different contexts such as proofs of uniqueness for partial differential equations and the con-
struction of global conserved quantities. In general relativity a natural situation where this arises
is when the space-time admits a Killing vector field. Perhaps the most known example is the
contraction of the Killing vector with the energy-momentum tensor. In this spirit, an alternative
possibility arises by using the so-called super-energy tensors because they have natural positivity
properties which can be translated to the corresponding conserved charges (see [14, 6, 8, 9] for
explicit examples and applications). In this paper we follow this approach and present a new
family of conserved currents for a vacuum space-time with a Killing vector based on the super-
energy of the Mars-Simon tensor. We show that the family can be parametrised in terms of a
complex constant. The Mars-Simon tensor has the same algebraic properties as the Weyl tensor
and hence its superenergy tensor is similar to the Bel-Robinson tensor which is the superenergy
tensor of the Weyl tensor (see [21] and references therein). By using the Bel-Robinson tensor one
can construct for any vacuum space-time admitting a Killing vector the Bel-Robinson current
and we show by means of an explicit example that our current and Bel-Robinson’s are in general
independent. Therefore our current has an independent interest to the Bel-Robinson one.
A consequence of the positivity properties of the superenergy tensor is that the conserved
charge associated to our current is automatically positive if the Killing vector is time-like (station-
ary space-time) and the hypersurface space-like or null. We exploit these properties to construct
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a non-negative quantity Q(Σ) on a space-like embedded hypersurface Σ which, under certain
conditions vanishes if and only if Σ is a Cauchy hypersurface of an open subset in a stationary
region of the Kerr solution and it has the additional property that it is a conserved charge because
it arises from a conserved current (see Theorem 3 for full details).
The paper is structured as follows: in section 2 we recall the main properties of the Mars-
Simon tensor. Section 3 presents the main result of the paper, namely, the construction of the
conserved current using the superenergy of the Mars-Simon tensor (Theorem 1). We use spinors
in the proof of the conservation so the elements of spinor calculus which we need are also reviewed.
Finally in section 4 we point out some possible applications to the characterisation of Kerr initial
data through non-negative quantities (non-Kerrness). The algebraic computations of this paper
have been carried out with the suite xAct [19].
2 The Mars-Simon tensor in vacuum
We shall work in a four dimensional smooth Lorentzian manifold (M, gµν) and use small Greek
letters to denote abstract tensor indices. Occasionally we shall employ index free notation in
which case we will use boldface kernel letters for tensors. Round (square) indices enclosing a set
of abstract indices denote symmetrization (anti-symmetrization). Our convention for the metric
signature is (+,−,−,−) and the notation for the Riemann and Ricci tensors defined from the
Levi-Civita connection ∇µ is the standard one, R
µ
ναβ , Rµν ≡ R
µ
νµβ . In this paper we assume
that the Lorentzian manifoldM (space-time) is a vacuum solution of the Einstein field equations,
Rµν = 0 and therefore the Riemann tensor is the same as the Weyl tensor Wαβµν . When working
with complex quantities we use an overbar for the complex conjugate.
We recall some well-known formulae for a vacuum space-time M admitting a Killing vector.
Proofs are omitted and the reader is referred to the literature for further details [12, 17]. A Killing
vector field ~ξ (Killing 1-form) is defined by the differential condition
£~ξgµν = 0 , ∇µξν +∇νξµ = 0. (1)
The Killing condition enables us to define the Killing 2-form
Fµν ≡ ∇µξν , (2)
which satisfies the following differential identity in vacuum
∇βFαχ = −Wαχβρξ
ρ. (3)
Many equations in this work are better expressed in the complex formalism. In this formalism
one defines for the Weyl tensor and Killing 2-form their self-dual counterparts
Fαβ ≡ Fαβ + i F
∗
αβ , Wαβχρ ≡Wαβχρ + i W
∗
αβχρ , (4)
where the Hodge duality operation is given by
F ∗αβ ≡
1
2
ηαβ
χρFχρ , W
∗
αβχρ ≡
1
2
ηχρ
µνWαβµν ,
∗Wαβχρ ≡
1
2
ηαβ
µνWµνχρ , (5)
and ηµναβ is the volume form. One has the algebraic properties
F∗µν = −i Fµν , W
∗
αβµν = −iWαβµν =
∗Wαβµν , (6)
and the differential identity
∇βFαχ = −Wαχβρξ
ρ. (7)
The Ernst 1-form is defined by
σα ≡ 2Fαβξ
β , (8)
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and in a vacuum space-time it is closed enabling us to define a local potential σ (the Ernst
potential)
∇[µσν] = 0 , σµ = ∇µσ. (9)
The Ernst potential can be written in terms of the Killing norm λ and twist ω as follows
σ = k + λ+ 2 i ω , k ∈ C , λ ≡ ξµξ
µ. (10)
With the above definitions it is possible to introduce a rank-4 tensor at any point where the
Ernst potential does not vanish. Its explicit definition is [15, 13]
Sαβχµ ≡ Wαβχµ +
6
σ
(
FαβFχµ −
FκρF
κρ
3
Iαβχµ
)
, (11)
where Iαρβχ is the so-called metric in the space of the self-dual 2-forms
Iαρβχ ≡
1
4
(i ηαρβχ + gαβgρχ − gαχgβρ). (12)
The tensor Sαβχµ is called the Mars-Simon tensor and it has been studied by a number of
authors [13, 11]. Its main relevance is that it can be used in the formulation of local and semi-
local characterizations of the Kerr solution [15, 16]. For us the most important properties of the
the Mars-Simon tensor are that it is a Weyl candidate
S[µν]αβ = Sµναβ , Sµναβ = Sαβµν , S[µνα]β = 0 , (13)
it is self dual
i S∗µναβ = Sµναβ , (14)
and it also fulfills the differential identity
σ∇αS
α
βγδ = 2ξ
α(2(Fρ[δSγ]βαρ + F
ρ
β Sδγαρ) + gβ[δSγ]αρπF
ρπ). (15)
See [13, 10, 11] for an account of all these properties of the Mars-Simon tensor.
3 A new family of conserved currents in vacuum
We show in this section how to construct a set of conserved currents for a vacuum space-time
out of the Mars-Simon tensor. In the computations which follow we will make extensive use of
the spinor formalism and hence we assume that the manifold M admits a spin structure. Since
these computations are local this is not really a restriction. In our set-up the spin structure is
represented by a smooth field σµAA′ (soldering form) which serves to relate spinors and tensors by
transforming pairs of spinor indices into tensor ones and back. The field σµAA′ is globally defined
on M if and only if M admits a spin structure [1] but as said we do not need this requirement
to establish our results. One constructs the spin bundle in the standard way and we follow the
traditional convention of using capital Latin letters for abstract spinor indices (which can be
unprimed or primed). Our conventions for the definition of the spin metric ǫAB, spin connection
∇AA′ and curvature spinors follow those of [20]. When relating spinors and tensors we will omit
the soldering form in the formulae unless a confusion might arise.
Since we work in vacuum, the only non-vanishing part of the curvature is the one corresponding
to the Weyl tensor which as is well-known can be represented by a totally symmetric spinor
ΨABCD (Weyl spinor) fulfilling the spinor form of the Bianchi identity
∇AA′ΨABCD = 0. (16)
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For later use we also recall the spinor form of the volume element
ηAA′BB′CC′DD′ = i(ǫACǫBDǫA′D′ ǫB′C′ − ǫADǫBC ǫA′C′ǫB′D′). (17)
To proceed we need to express the tensor formulae shown in section 2 in the spinor language.
The Killing vector ~ξ has the spinor form ξAA
′
and the Killing 2-form Fµν admits the spinor
decomposition
FAA′BB′ ≡ ∇AA′ξBB′ = ǫABφ¯A′B′ + ǫA′B′φAB , (18)
where φAB is a totally symmetric spinor given by
φAB ≡
1
2
∇(A|B′|ξB)
B′ =
1
2
∇AB′ξB
B′ , (19)
and in the last step we used the spinor form of the Killing condition (1)
∇AA′ξBB′ +∇BB′ξAA′ = 0. (20)
Once the spinor expression of Fµν is known we can easily compute the spinor expression of
Fµν if we use (17). The result is
FAA′BB′ = 2ǫA′B′φAB. (21)
We can now write (3) (or equivalently (7)) in terms of spinors as
∇CC′φAB = ΨABCDξ
D
C′ . (22)
Combining (21) with (8) we obtain the spinor expression of the Ernst 1-form
σAA′ = −4ξ
B
A′φAB. (23)
The quantity Iαρβχ can be also easily written in spinor form if we use (17). The result is
IAA′CC′BB′DD′ =
1
4
(ǫADǫBC − ǫABǫCD)ǫA′C′ǫD′B′ . (24)
We have now all the ingredients necessary to obtain the spinor expression of the Mars-Simon
tensor. One takes the spinor forms of Wµναβ , Fµν , and Iαβµν found above and replaces them
into the definition of the Mars-Simon tensor (11). After some algebra one gets
SAA′BB′CC′DD′ = 2ǫA′B′ǫC′D′
(
ΨABCD +
2
σ
(
6φABφCD − (ǫADǫBC + ǫACǫBD)φFHφ
FH
))
.
(25)
This expression can be further simplified if we use the identity
φABφCD = φ(ABφCD) +
φFHφ
FH
6
(ǫAD ǫBC + ǫACǫBD). (26)
The final result is
SAA′BB′CC′DD′ = 2ǫA′B′ǫC′D′
(
ΨABCD +
12
σ
φ(ABφCD)
)
. (27)
Bearing in mind the previous relation we define the Mars-Simon spinor by
SABCD ≡ ΨABCD +
12
σ
φ(ABφCD). (28)
The Mars-Simon spinor is totally symmetric as is evident from its definition. Another important
property of the Mars-Simon spinor is given next.
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Proposition 1. The Mars-Simon spinor fulfills the following differential identity
∇AA′SBCD
A =
12
σ
ξAA′SFA(CDφB)
F . (29)
Proof. This is a computation involving (28), (22), the Bianchi identity (16), the definition of the
Ernst potential written in spinor form
∇AA′σ = σAA′ , (30)
and (23). The result of the computation is
∇AA′SBCD
A =
12ξAA′
σ2
(
−4φ(BCφDF )φA
F + σΨAF (CDφB)
F
)
, (31)
where we used the identity
∇AA′φ(ABφCD) = −ΨAF (CDφB)
F ξAA′ . (32)
To complete the proof we express all the occurrences of the Weyl spinor in (31) in terms of the
Mars-Simon spinor using (28).
3.1 The superenergy of the Mars-Simon spinor
The Mars-Simon spinor is totally symmetric and hence we can easily compute its superenergy
TAA′BB′CC′DD′ ≡ 4 SABCDS¯A′B′C′D′ . (33)
The spinor TAA′BB′CC′DD′ is Hermitian and it corresponds to the superenergy tensor constructed
from the Mars-Simon tensor Sµνρσ [7]. Its tensor counterpart, Tαβγδ, is given by
Tαβγδ ≡ S
µν
α βS¯γµνδ , (34)
and it was used in [11] to define quality factors which measures the proximity of a solution to the
Kerr solution. In this work we show another application of this superenergy tensor consisting in
the construction of a family of conserved currents.
Theorem 1. For any vacuum solution of the Einstein’s field equations (M, gµν) admitting a
Killing vector field consider an open subset U ⊂M where the Ernst potential is differentiable and
non-vanishing and define the tensor Tαβγδ as explained above. Then the current
Pα ≡
1
|σ|6
Tαβγδξ
βξγξδ , (35)
is conserved in U
∇αP
α = 0. (36)
Proof. To prove this result we first compute the covariant divergence of the superenergy tensor
Tαβγµ. We carry out the computation using spinors and hence we need to work out the following
expression
∇AA′T
AA′
BB′CC′DD′ = 4S¯
A′
B′C′D′∇AA′S
A
BCD + 4S
A
BCD∇AA′ S¯
A′
B′C′D′ . (37)
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We replace the covariant divergences of the Mars-Simon spinor by the values computed in (29)
and next use (33) on the expression so obtained, getting
∇AA′T
AA′
BB′CC′DD′ =
−
4ξAA
′
σ
(TCB′DC′AD′FA′φB
F + TBB′DC′AD′FA′φC
F + TBB′CC′AD′FA′φD
F ) + c. c. (38)
Next we compute the covariant divergence of the following quantity
QAA′ ≡ TAA′BB′CC′DD′ξ
BB′ξCC
′
ξDD
′
. (39)
Using eq. (38), eq. (18), the definition of the Ernst potential (30) and (23) we get after some
algebra
∇AA
′
QAA′ = (TAB′BA′CC′DD′ + TAB′BC′CA′DD′ + TAB′BC′CD′DA′)
σ¯A
′Aσ + σAA
′
σ¯
σσ¯
×
ξBB
′
ξCC
′
ξDD
′
= 3TAA′BB′CC′DD′u
AA′ξBB
′
ξCC
′
ξDD
′
= 3QAA′u
AA′ . (40)
where in the last step we used the symmetry properties of the spinor TAA′BB′CC′DD′ (see 33)
and we set the definition
uAA′ ≡
σ¯A′Aσ + σAA′ σ¯
σσ¯
=
∇µ(|σ|
2)
|σ|2
. (41)
Now, eq. (40) has the tensor representation
∇µ(T
µ
βγδξ
βξγξδ) = 3
∇µ(|σ|
2)
|σ|2
T µβγδξ
βξγξδ. (42)
Using this result and the definition of the current Pµ given by (35) the result follows after a direct
computation.
Remark 1. We note that the current Pµ is defined in terms of the Ernst potential σ which in turn
is defined up to a complex constant (see 10) and this means that the current Pµ indeed represents
a family of currents depending on a complex parameter. Note, however, that the current Pµ itself
is real as is obvious from (35). Note also that for any point p ∈ M we can always choose the
complex constant in such a way that there exists a neighbourhood of p where the Ernst potential
does not vanish. Therefore the current Pµ can be always defined locally for any vacuum solution.
If a vacuum space-time has a Killing vector then it is very well-known that the Bel-Robinson
current has properties similar to those of the current of Theorem 1. The Bel-Robinson current is
defined by
(PBR)µ ≡ Bµνραξ
νξρξα , (43)
where Bµναβ is the Bel-Robinson tensor (see [21] for full details). The conserved current P
µ
defined in (35) is totally independent from the standard Bel-Robinson current. This is more or
less apparent from the definition of Pµ but to make the statement rigorous we compute both
currents in a particular example and check explicitly that they differ. Take the Schwarzschild
solution in standard Schwarzschild coordinates (t, r, θ, φ)
ds2 =
(
1−
2M
r
)
dt2 −
dr2
(1 − 2M
r
)
− r2(dθ2 + sin2 θdφ2). (44)
If we choose as the Killing vector defining the Mars-Simon tensor the static Killing vector ~ξ = ∂/∂t
then a computation reveals
~P =
6M2|k|2r(r − 2M)
|kr − 2M |8
∂
∂t
, ~P
BR
=
6M2(r − 2M)
r7
∂
∂t
. (45)
We see from these equations that the currents cannot agree for any value of the complex constant
k.
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4 Applications
The formulation of the non-linear stability problem of the Kerr solution requires the introduction
of the notion of closeness of a vacuum initial data set to Kerr initial data. A recent approach
towards this notion is the concept of non-Kerrness [3, 2, 4, 5] which consists in the definition
of a non-negative scalar quantity from a vacuum initial data set which vanishes if and only if
the data are Kerr initial data. In this sense the non-Kerrness enables us to formulate rigorously
the non-linear stability problem of the Kerr solution. However, in order to be able to use the
non-Kerrness successfully in any proof of a non-linear stability result, one needs to have some sort
of control on the Cauchy evolution of the non-kerness and this something which so far is lacking
for any of the notions of non-Kerrness defined so far. We show that this can be remedied using
the result of Theorem 1 for a certain notion of non-Kerness to be introduced next. We start by
recalling a local characterisation of the Kerr solution put forward in [16] and ammended
by [18] 1.
Theorem 2. Let (M, gµν) be a smooth non-trivial vacuum solution having a Killing vector ~ξ
and assume that it fulfills the following conditions
• (FµνF
µν) 6= 0.
• There is a choice of the Ernst potential σ for which
Sµνρλ = 0 , FµνF
µν +
σ4
4M2
= 0 , M ∈ R \ {0} , Re(σ) − λ > 0 , (46)
• There is at least a point q such that the Killing vector ~ξ|q does not lie in the 2-plane
orthogonal to the 2-plane spanned by the two independent null eigenvectors of Fµν |q.
Under the previous assumptions the space-time is locally isometric to the Kerr solution.
Remark 2. The result put forward by [16] is in fact more general than Theorem 2 but we adopt
the later particularisation because it is better suited to our purposes.
If the space-time is stationary then ξµ is by definition time-like and hence ξµξ
µ > 0. The
mathematical properties of the superenergy tensor Tµναβ (see [21]) imply that the current P
µ
defined by (35) is time-like and future-directed if ξµ is future directed too. Therefore, for any
embedded space-like or null hypersurface Σ ⊂M one has
Q(Σ) ≡
∫
Σ
PµnµdΣ ≥ 0 , (47)
where nµ is the (unit) causal future-directed vector orthogonal to Σ and dΣ is the positive measure
on Σ induced by the 3-form nµηµαβγ
2. Moreover the integral vanishes if and only if the integrand
does so which can only happen if Pµ is zero on Σ given that Pµ is time-like and nµ causal. Using
again the mathematical properties of the superenergy tensor [21] one concludes that both Tµναβ
and Sµναβ vanish on Σ. If Σ is space-like then the causal propagation of the Mars-Simon tensor
[10] enables us to conclude that the Mars-Simon tensor vanish in the Cauchy development of the
hypersurface Σ. Next assume that FµνF
µν 6= 0 and choose the Ernst potential in such a way
that on Σ (
FµνF
µν +
σ4
4M2
)∣∣∣∣
Σ
= 0 , M ∈ R \ {0} , (Re(σ)− λ) |Σ > 0. (48)
The condition FµνF
µν 6= 0 implies that σ|Σ 6= 0. Define the quantity
Ξ = FµνF
µν +
σ4
4M2
. (49)
1We thank Prof. J. M. M. Senovilla for drawing our attention to [18].
2At a point where Σ is null one chooses a normal nµ in such a way that nµηµαβγ is not degenerate.
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This quantity fulfills the space-time propagation equation (see eq. (4.13) of [10])
∇µΞ = −2F
αβSµραβξ
ρ +
4Ξσµ
σ
. (50)
Hence if Sµραβ = 0 we can integrate the previous equation, getting
Ξ = Aσ4 , A ∈ C. (51)
The assumption (48) entails A = 0 and hence Ξ = 0 on the space-time. The other conditions
of (48) will also hold in a space-time neighbourhood of Σ by continuity. The third condition
of Theorem 2 is trivially satisfied because the space-time is stationary and the first condition is
fulfilled in a neighbourhood of Σ if and only if it holds in Σ itself. We have thus proven the
following result.
Theorem 3. Let (M, gµν) be a vacuum stationary solution of the Einstein’s field equations and
assume further that for a given embedded space-like hypersurface Σ, (FµνF
µν)|Σ 6= 0 and the
Ernst potential is chosen in such a way that it fulfills (48). Use the stationary Killing vector and
the Ernst potential to define the vector Pα according to (35). Then the scalar Q(Σ) defined by
(47) is non-negative, it vanishes if and only if Σ can be isometrically embedded within an open
subset of the Kerr solution and it is a conserved charge.
The scalar Q(Σ) can be rendered as an expression involving vacuum initial data if we use the
notion of Killing initial data set in the way done in [10]. Therefore we can say that Q(Σ) qualifies
as a non-Kerrness scalar defined for a vacuum initial data set.
5 Conclusions and further perspectives
We have found a new family of conserved currents for any vacuum solution of the Einstein’s
equations which is different from those already known. The current gives rise to non-negative
conserved charges for stationary vacuum solutions which under certain circumstances vanish on
a space-like hypersurface if and only if the hypersurface is a Cauchy hypersurface in a stationary
region of the Kerr solution. The existence of this conserved charge serves as a complement to
the notion of non-Kerrness because our conserved charge has positivity properties similar to a
non-Kerrness if the conditions described in Theorem 3 hold. Although these conditions might
look somewhat restrictive, we have a control on the Cauchy evolution which is not available for
the current notions of non-Kerrness.
An interesting open question is the application of our conserved charge to the problem of the
non-linear stability of the Kerr solution. The formulation of this problem is, roughly speaking,
the proof of the global existence of vacuum data of the Einstein’s equations which are close to
Kerr data in some sense. The definition of closeness to Kerr data can be formulated using the
notion of non-Kerrness but to establish the global existence it is necessary to control in some way
the evolution of the scalar quantity used in the definition of the non-Kerrness. This control is
achieved in our case thanks to the charge conservation.
Another interesting open problem is whether this result can be extended in some way for
hypersurfaces with a mixed causal character (space-like and null). This would provide a gen-
eralisation of the different notions of non-Kerrness available in the literature which are usually
formulated on space-like hypersurfaces.
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